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Abstract

Two finite elements based on the strain approach have been reformulated using the isoparametric
formulation procedure. This isoparametric procedure presented in this work has been used for the first
time in the case of these strain based elements in order to establish the element stiffness matrix
numerically instead of having it analytically as usual. This will allow having the extension of the strain
approach to other analysis. The two elements are membrane rectangular with four nodes. The first has
the two essential translations at each of the four corner nodes whereas the second has in addition a
drilling rotation. Performance of these elements is evaluated through a series of tests case, and the
obtained results confirm their precision in linear and nonlinear analysis.

Key words: strain approach, finite element, membrane element, isoparametric formulation, linear
analysis.

1. Introduction

Many researchers have adopted for a long time the strain based approach for the development of
new finite elements. The essential goal was especially related to the performance of these
elements. The first developed elements were only concerned with curved ones [1, 2]. This
approach was later extended to plane elasticity elements [3-5], for three-dimensional elasticity
[6], for cylindrical shells [7-10], and for plate bending [11].

The ability to solve linear and nonlinear problems is more important in many aspects of finite
element work. In fact, exact solutions for both problems only exist for a few simple cases, so the
use of the finite element method is required. However the use of the classical isoparametric
displacement-based elements becomes increasingly inefficient and leads to a considerable gain on
computing times for this type of analysis. The advantages of the strain based finite elements
have been illustrated on several elements [12, 13] compared with displacement-based ones.
However the element stiffness matrix of the strain based elements is usually obtained by
analytical integration. Then it turned out that the isoparametric reformulation of these elements is
necessary in order to make their extension to other analysis

In this context two finite elements based on the strain approach named SBRIE [14] (Strain Based
Rectangular In Plane Element) and SBRIEIR [15] (Strain Based Rectangular In Plane Element
with In plane Rotation) have been reformulated using the isoparametric procedure and are used
in the elastic and elasto-plastic analysis. For the purpose of demonstration, some selected
numerical examples are solved using these two elements, and the obtained results confirm their
good precision in linear and nonlinear analysis.
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2. Isoparametric formulation

2.1. SBRIE element
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The rectangular element SBRIE is schematically shown in Figure 1. The lengths a and b are

respectively the dimensions of the element in x and y direction.

Figure 1. Coordinates and nodal point for the SBRIE element

The assumed strain functions and the corresponding displacement fields of this element in
Cartesian coordinates are given by
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The displacement field is given in term of the nodal displacement as follows

{U}=[N]a]
Where:

{C]}={Ul Vl UZ V2 U3 V3 U4 V4}T

and the shape functions matrix [N] can be expressed as
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With the strain matrix [Q] is given by

[Q(x, y)]=[LIp(x, y)]

Where [L] is the differential operator matrix defined as

0 000O0OOTUOI11

And the displacement field can be expressed as

ub=Totx )Ty

In isoparametric formulation case the displacement interpolations can be written

U=;N5’i_1(§,n)ui +;N; &

V=) NE (€ mu; + ) NS (E )Y,
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Then the shape functions [N] in eg. (5) can be written in the following form
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Where the obtained shape functions in natural coordinates are given in Table 1 and consequently
the strain matrix [B] of SBRIE is given in table 2.

Table 1. Shape functions of SBRIE element
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Table 2. The components of the strain matrix [B]of the SBRIE

B, =Ny, | B=N), | By =Ny, +N/,
B,=N;, | B,,=N;, | By =N;, +N;,
Bs=Ng, | Bjs=Ng, | Bz =Nz, +N3,
B, =N, | Bpy=N;, | By, =N, , +N;,
Bs=Ng, | B;s=Ng, | Bis =Ny, +Ng,
By =Ng, | Bjg=Ng, | Bsg=Ng, +Ng,
B, =N;, | B;,=N;, | B, =N; +Nj,
Bis=Ng, | Bjg=Ng, | Bsg=Ng, +Ng,

2.2. SBRIEIR element

The rectangular element SBRIEIR is schematically shown in Figure 2. The lengths a and b are
respectively the dimensions of the element in x and y direction.

Figure 2. Co-ordinates and nodal point for the SBRIEIR element

The assumed strain functions and the corresponding displacement fields of this element in
Cartesian coordinates are given by
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Ex =84 tagYy+ag Yy +appky
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0, =a; —0.5a5x +0.5a, y +0.5a9x — 0.58, oy — 2a; Xy —38;,X° y?

With the same previous procedure of calculation, the obtained shape functions matrix [N] and the
strain matrix [B] of SBRIEIR are given consequently in Table 3 and table 4.
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Table 3. Shape functions of SBRIEIR element

Ny =1/4(-0.258%% + 0.5 +0.25¢ —0.5)

Ny =1/4(0.25¢3n% + (7 —1.25¢ —n+1)

Ny =1/4(-0.56% —0.547% +0.5¢ +7> +0.57-1) | NY =1/4(-0.5%2+0.5¢%7—0.5¢ — 2 —0.57+1)
N§ =1/4(-0255n" ~ gy — ¢ +1.250+1) N} =1/4(0.25&%% ~0.5£ % —0.25¢ +0.5)
NY =1/4(-0.25¢%7° - 0.577% +0.257 + 0.5) NY =1/4(0.25¢%% - &7 —1.25¢ +17+1)

N =1/4(-0.5£25° +0.5472 —0.5¢ -2 +0.57+1) NY =1/4(0.5E%72—0.5¢ 2 —0.5¢ — 2 +0.57 +1)
NY =1/4(-0.25E%7° + 7 + & +1.25n +1) NY =1/4(0.258%% +0.5% —0.25¢ —0.5)

N =1/4(0.258%;° +0.57% —0.257 - 0.5) Ny =1/4(-0.250°7% + {7 +1.25¢ +n+1)

N =1/4(-0.5£25° 0572 +0.58 —1% +0.57+1) Ny =1/4(0.5E%72+0.5¢ % —0.5¢ +¢% —0.57-1)
NS =1/4(-0.256%° — &7 + ¢ —1.257 +1) Ny, =1/4(-0.258%% - 0.5¢% +0.25¢ +0.5)

Ny =1/4(0.25£%° - 0.577° —0.257 +0.5) Ny) =1/4(-0.2503n% — ¢y +1.25¢ - +1)

Ny, =1/4(-0.5&%7° +0.5677% —0.5¢ +1° +0.5n7 1) Ny, =1/4(0.5E%72 - 0.5 % - 0.5 + ¢ +0.57 1)

Ny =1/4(0.258%0° + &y — ¢ —1.250 +1)
Ny =1/4(-0.25£%7° +0.57% +0.2517 - 0.5)

Table 4. The components of the strain matrix [B]of the SBRIEIR

Bry=Niy BZl:va,y Bglszy+NlV’X
BlZ = N;,x Bzz = N;/,y Bsz = N;,y + N;I,x
BlS = N;x st = Ne\:y Bss = N?l:j,y + N?\:I,x
Bl4 = Nix B24 = NX,y B34 = Nzllj,y + NX,x
BlS = N;x st = N%/,y Bss = N;y + Ng,x
Bl6 = Ng,x Bza = Ne\s/,y 836 = Ng,y + Ne\sl,x
B17 = N;J,x Bz7 = N;/,y B37 = N;,y + N;l,x
BlB = N;,x st = Ng,y Bsa = N;,y + Ng,x
Big = Ngjx By = NS\JI,y B3g = Ng,y +Ngy

Bi1o=Nigx | Baio= Nfo,y B3io= NluO,y +Nipx
Bii= Nlulx Bo11= valy B311= Nlu],y + valx
Biio= Nluz,x Boio= vaZ,y B312= Nluz,y + Nilz,x

2. Linear numerical validation

2.1. Mac-Neal’s elongated cantilever beam

The problem of a cantilever beam shown in Figure 3 has been treated by Mac-Neal and Harder
[16]. The beam is subjected to a concentrated force shearing at the free end (P=1) and to a pure
bending moment (M=10). It has Young’s modulus E =10", Poison’s ratio v=0.3, and a thickness

t=0,1.
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Figure. 3 Mac-Neal’s elongated beam subject to (1) end shear and (2) end bending

The results of the normalized deflection at the free end presented in Tables 5 and 6 show that:
e The isoparametric elements SBRIEIR and SBRIE give the same results than the elements
SBRIEIR [15] and SBRIE [14] in both cases.

Table 5. Normalized deflection Mac-Neal’s elongated beam subjected to end shear

Load case (1): Force shearing at the free end P=1

Mesh Isop SBRIEIR | SBRIEIR | Isop SBRIE | SBRIE

6x1 0.9035 0.9035 0.9035 0.9035
12x1 0.9083 0.9083 0.9083 0.9083
Reference solution[17] 1,000 (0.1081)

Table 6. Normalized deflection Mac-Neal’s elongated beam subjected to end pure bending

Load case (2): Pure bending moment M=10
Mesh Isop SBRIEIR | SBRIEIR | Isop SBRIE | ISBRIE

6x1 0.910 0.910 0.910 0.910
12x1 0.910 0.910 0.910 0.910
Reference solution [17] 1,000 (0.270)

2.2. Plane flexure of cantilever beam

The objective of this problem is to calculate the deflection V4 at the free end of a cantilever
beam, with uniform cross-section, subjected to uniform vertical load with Young’s modulus
E=10’, Poison’s ratio v=0.3 as shown in Figure 4.

This problem has been treated by Batoz in [18]. Table 3 shows the results obtained for different
mesh for this problem.

10 P10¢

P 5
% L4

100
Figure. 4 Cantilever beam subjected to uniform vertical load
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Table 7. Displacement V5 of the beam in plane flexure

Elements
Mesh Iso SBRIEIR | SBRIEIR | Iso SBRIE | SBRIE
1x1 2.75* 2.75 2.76 2.75
(12)** (12) (12) (12)
2x1 3.43 3.43 3.44 3.43
(18) (18) (18) (18)
3x1 3.56 3.56 3.56 3.56
(24) (24) (24) (24)
Beam theory [17] V= 4,03
*V vertical displacement in A; EIl. exact integration; Al:
analytical integration; HP hammer point; ** TNDF: Total
number of degree of freedom

The results presented in Table 3 show that the two elements gives the same results for all mesh.
3. Elasto-plastic analysis

In this study two different yield criteria are employed which are; the Von Mises, and the Mohr
Coulomb criterion. The constant stiffness method is adopted for the sake of its simplicity, which
involves constant stiffness iterations in which non-linearity is introduced by iteravely modifying
the right hand side loads vector. The usually elastic global stiffness matrix in such an analysis is
formed ones only. Convergence is said to occur when stresses generated by the loads satisfy
some yield or failure criterion within prescribed tolerances. The loads vector at each iteration
consists of externally applied loads and self equilibrating body-loads. This analysis employs two
methods for generating body-loads: visco-plastic and initial stress method to predict the response
to loading of an elastic perfectly plastic material. All these methods and yield criteria are given in
[19,20].

The aim of this study is to show the performance of the two elements SBRIE SBRIEIR
compared to the 8-Node quadrilateral element, to the analytical solutions in elasto-plastic
analysis. Two numerical problems are presented; in each problem reduced integration is used for
Gaussian quadrature.

3.1. Bearing capacity analysis of purely coherent soil

The elastic properties, Young’s modulus, Poisson’s ratio, the undrained cohesion and the uniform
stress as consistent with [20], were chosen as E=10° kN/m? v=0.3 , Cu=100 kN/m? and
g=1kN/m? respectively. The Figure 5 shows the geometrical characteristics and meshing of the
flexible strip footing. Bearing failure in this problem occurs when g reaches the Prandtl load
given by:

qultime = (2 + 7Z')CU (17)
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Figure 5. Geometry and mesh of the flexible strip footing

As shown in figure 6 the results, found by the elements (SBRIE and SBRIEIR) have been plotted
in the form of a dimensionless bearing capacity factor g/cu versus centerline displacement. These
Results shows that these two finite elements have similar results than the Q8 element but the later
element uses more degrees of freedom

-0.01 | ; : :
L [—&—SsBRIE | i \

-0.02 {1 —— Q8

L | v SBREER| \
-0.03 ¢ : : : :

-0.04 ¥

Displacement (m)

-0.05 ¥

-0.06 |

Prandtl load=5.14

-0.07 ¥

-0.08 L

Figure 6. Bearing stress versus centerline displacement

3.2. Stability of a slope subjected to gravity loading

In order to check the accuracy of the present elements SBRIE and SBRIEIR, in this example
(figure 5), the geometrical characteristics, material properties, criterion and conditions were
chosen as the same of those used in [20]. The factor of safety (F) of the slope is to be assessed,
and this quantity is defined as the proportion by which tang ¢ (friction angle) and Cohesion C
must be reduced in order to cause failure. The gravity loading vector is given by

P, =7 [[ NTdxdy (18)

Where v is the unit weight of the material (y=20kN/m®), and N is the shape functions.
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Figure 5. Slope subjected to gravity loading

Results presented in figure 6 in terms of the factor of safety and the maximum of displacement at
convergence show that the convergence to the reference solution given in [20] with both elements
(SBRIE and SBRIEIR) is quite rapid and similar to the Q8 element.

F(Factor of safety)

1 15 2 25 3
L e S e B S S s B
-2 -
4 1 —&— SBRIE
- —»— Q8
5 i —l— SBRIEIR
Lr|7 - {
S i
;o = =~
> B
-10 |
| | Bishop and Morgenstern 1960
12 :_ F=2.505 :

-14 L

Figure 6. Maximum of displacement versus Factor of safety

5. Conclusions

Two finite elements based on the strain approach named SBRIE and SBRIEIR have been
reformulated using the isoparametric procedure and are used in the elastic and elasto-plastic
analysis. These elements are simples and contain higher order of polynomial functions.
Numerical results obtained in both analyses, agree well with those from the theoretical solutions
and show that these elements have the similar behavior than the Q8 element in elastoplastic
analysis but they can be less expensive. These elements have quite rapid rate of convergence to
the reference solutions for all tests, their performances have been demonstrated, and the
advantages of using the strain approach in elasto-plastic analysis have been confirmed.
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