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Abstract

In this paper, we have studied the third order variations on the Fibonacci universal code and we have

defined VFE @) ®)

2 and then we have displayed tables GH

(n) we have defined for 20 <a<-2and 1<n<50. We

have found that there is no Gopala-Hemachandra code for a particular positive integer n and for a particular
value of acz and we conclude that for n=12345,67.89210 Gopala-Hemachandra code exists for

a=-2,-3,...,-20 .We have compared with the third order variations on the Fibonacci universal code and the

second order variations on the Fibonacci universal code in terms of cryptography and we have found that, the
third order variations on the Fibonacci universal code is more advantageous than the second order variations on
the Fibonacci universal code.

1.Introduction

Fibonacci coding is a universal code which encodes positive integers into binary codewords
and Fibonacci coding is based on Fibonacci numbers. Every positive integer has a unique
representation as the sum of nonconsecutive Fibonacci numbers according to Zeckendorf’s
theorem[4]. Let us first consider the standard Fibonacci numbers of order m = 2. Any positive
integer & can be represented by a binary string of length r, c¢.c,..c,_yc, , such that B=x!¢;r?
.The representation will be unique if one uses the following procedure to produce it: given the
integer &, find the largest Fibonacci number Fr(z) smaller or equal to s; then continue

recursively with B—Fr(z) . For exampleis - 3 + 13, so its binary Fibonacci representation

would be 001001.As a result of this encoding procedure , there are never consecutive
Fibonacci numbers in any of these sums, implying that in the corresponding binary
representation, there are no adjacent 1 bits.

The generalization to higher order seems at first sight straightforward: any integer s can be
uniquely represented by the string dd,.d,_,d such that s= x5, d.r™ using the iterative
encoding procedure mentioned above. In this representation, there are no consecutive
substrings of m 1 bits[3]. We append (m-1) 1 bits to the Fibonacci representation of n so as to
construct the Fibonacci code of n whose order is m.

2.Gopala-Hemachandra (G-H) sequence and codes

Daykin proved that only the Standard Fibonacci sequence gives a unique
Zeckendorf’s representation for all positive integers . But variant Fibonacci sequences allow

for multiple Zeckendorf’s representations of the same integer. James Harold Thomas showed
that for the second order variant Fibonacci sequence VF(52) (n)={—5, 6,1,7,8,15, 23, 38,..,} there is no

Zeckendorf’s representation for integer n =512 [5].
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In this paper, we have studied the third order variant Fibonacci sequence , and we

have defined ve{® as the GH sequence {ab,a-b,2a+2b,3a+4b,6a+7b,11a+13b,..} Wherep =1-a,
That is, VFa(g) 1) =a(acz); VFa(S) (2)=1-a , VFa(?’) (3)=1; and for n>4,
VFafS) 0 =VFa(3) (n—1)+VFa(3)(n—2)+VF§3) n-3) .For the above definition fora=-2, we have
{-23126917..} . We obtain for the third order variant Fibonacci sequence, fora-=-i1,

VD) (={-1112.1,2,15,18,...} . It is seen that there is no Zeckendorf’s representation for integer 11.

With these variant Fibonacci sequences, we can obtain a new universal code , which we call
the Gopala-Hemachandra (G-H) code . For the third order variations on the Fibonacci

universal code ,we have displayed cn{¥ n) we have defined for —20<a<-2and 1<n <50
table 3-4.

2.1 Abbreviations:

ve{™ : the m-th order variant Fibonacci sequence
r{™ : the family of GH codes

™ :the m-th order Fibonacci code.

3.An application of Gopala-Hemachandra(GH) codes to cryptography

In this paper, we, particularly, will use stream cipher for an application of GH
codes to cryptography .

Definition 3.1 : A stream cipher is a tuple (p,c, k, L, €, ) together with a function ¢, such that
the following conditions are satisfied:

1. p is afinite set of possible plaintexts

2. c is a finite set of possible ciphertexts

3.k, the keyspace, is a finite set of possible keys
4. is a finite set called the keystream alphabet

5. g is the keystream generator. ¢ takes a key k as input , and generates an infinite string

22, .. Called the keystream , where z e forall i>1

6.For each <L, there is an encryption rule e, ce and a corresponding decryption rule d,ep.
e,:P »C and d,:c—p are functions such that d, (e, x)) for every plaintext element xep .

To illustrate this definition, suppose that o is the keyword lenght of a stream cipher .
Definek =z, ;and define the keystream ¢z, ... as follows:
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K ., ifl<i<d
Zi =
Zi—d y ifi > d+1

Stream ciphers are often described in terms of binary alphabet , i.e., P=c=L=2, .
In this situation , the encryption and decryption operations are just addition modulo 2 :

e, (x) = (x+2) mod 2 X = (X, Xg 10 Xg ) EP (3.3)
and

d, (x) = (x+z) mod 2 y=(¥1.Yp . Yq)eC (3.9

In this paper, we will construct a method while applying GH codes to cryptography. Now, we
will explain the method. While we are encrypting a text message , firstly, we will associate a
number to every letter in text message. To easiest way to do that use to encrypt ordinary
English text by setting up a correspondence between alphabetic characters and residues
modulo 26 as follows: A 1,82 ...,z > 2. Since we will be using this correspondence in
several examples , let’s record by table 1.

Then we will obtain GH code of the number corresponding to every letter in text message
from table3 (ifm =3) or table 2 in[2] (if m=2). Later we will add ‘0’ (s) to the end of GH
codes of the numbers such that the length of GH code of every number in text message is
equal to the length of the longest GH code in text message . Thus we have obtained r in
definition 3.1.

Then , we will obtain « in definition 3.1. To do this, firstly , from table 2 we will obtain the
Standard Fibonacci code of -a which is in the family of GH codes c+{™ which we have used
while encrypting the text message .

Later we will add ‘0’ (s) to the end of Standard Fibonacci code of -a such that the length of
standard Fibonacci code of -a is equal to the lenght of the lenght of the longest GH code in

text message. Thus we will have obtained «. Finally , we will encrypt according to (3.3) the
text message and we will have obtained c in definition 3.1.

Let’s Bob is the person receiving ciphertext. He will decrypt it according to (3.4) and will
reconstruct the plaintext. Then he will make sense of plaintext. To do this, firstly, he will
allocate parts the plaintext such that the length of every part will be equal to the lenght of «
from definition 3.1. Secondly, he will delete ‘0’ (s) at the end of every part including k. Then
he will obtain the number corresponding to keyword code from table 2 so that he can
understand which the message have sent GH code . Later when he multiple the number by
minus, he will have obtained which the message have sent GH code. Thus, he can obtain the
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number corresponding to every part from table 3(ifm=3) or from table 2 in [2] (ifm =2).
Finally, he convert the sequence of integers to alphabetic characters from table 1 . Let’s do
several examples.

Example 3.1.1: Suppose m=2and a = -4.S0, while we are encrypting the text message , we will
use GHS) . Consider the text message ‘EMERGENCY” .

We first convert the text message to a sequence of integers.

E M E R G E
5 13 5 18 7 5
N C Y
14 3 25

From table 2 in [2], we will obtain
011 0000011 011 0100011 000011 011
0010011 100011 01000011.

The lenght of the longest GH code in text message is 8. So,we add ‘0’(s) to the end of GH
codes such that the lenght of GH code of every number in text message iss and we will
obtain

01100000 00000110 01100000 01000110 00001100 01100000
00100110 10001100 01000011.

Thus, the plaintext is:
011000000000011001100000010001100000110001100000001001101000110001000011.

Now, let’s obtain k.

-a=4 and we knowm = 2. From table 2,we will obtain 1011 is the Standard Fibonacci code of
4. The lenght of the longest GH code in text message iss. So, the key is 10110000 .

The keystream is as follows :
101100001011000010110000101100001011000010110000101100001011000010110000.
Now, we will encrypt plaintext according to (3.3) and we will obtain the ciphertext is :
110100001011011011010000111101101011110011010000100101100011110011110011.
Now, let’s look at how the person receiving ciphertext will decrypt .

Thus, the ciphertext is :

110100001011011011010000111101101011110011010000100101100011110011110011

1795



C. OZYILMAZ et al./ ISITES2014 Karabuk - TURKEY 1796

and « is 10110000.

The keystream is as follows :
101100001011000010110000101100001011000010110000101100001011000010110000.
Now, Bob will decrypt ciphertext according to (3.4). Bob will obtain the plaintext is :
011000000000011001100000010001100000110001100000001001101000110001000011
and « is 10110000.

Now, he will make sense of plaintext. To do this, firstly, Bob allocate parts such that the
lenght of every part will be & since the lenght of k iss. Thus,he will obtain

01100000 00000110 01100000 01000110 00001100 01100000
00100110 10001100  01000011.

Then he will delete ‘0’ (s) at the end of every part including « . So, he will obtain

011 0000011 011 0100011 000011 011
0010011 100011 01000011 and « is 1011.

From table 2, form =2, 1011 is the Standard Fibonacci code of 4. When 4 is multiplied by
minus, -4 is obtained. So, the text message was sent by using GHE?. From table 2in [2], the
number corresponding to every part is obtained. So, Bob will obtain

5 13 5 18 7 5
14 3 25

Finally, when Bob convert the sequence of integers to alphabetic characters from table 1, the
text message is obtained

E M E R G E
N C Y.

Example 3.1.2 : Suppose m=3anda=-10. So,while we are encrypting the text message , we
will use GHE‘?O . Consider the text message ‘EMERGENCY’ . We first convert the text
message to a sequence of integers.

E M E R G E
5 13 5 18 7 5

N C Y

14 3 25

From table 3, we will obtain
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1010111 010111 1010111 11000111 10000111 1010111
0000111 0011011 100100111.

The lenght of the longest GH code in text message is 9. So, we add ‘0’(s) to the end of GH
codes such that the lenght of GH code of every number in text message is 9 and we will
obtain

101011100 010111000 101011100 110001110 100001110 101011100
000011100 001101100 100100111.
Thus, the plaintex is :

101011100010111000101011100110001110100001110101011100000011100001101100100
100111.

Now, let’s obtain k. -a=10 and we knowm =3. From table 2, we will obtain 110111 is the
Standard Fibonacci code of 10 The lenght of the longest GH code in text message is9. So, the

key is 110111000 .
The keystream is as follows :

110111000110111000110111000110111000110111000110111000110111000110111000110
111000 . Now, we will encrypt plaintext according to (3.3) and we will obtain the ciphertext
is:

011100100100000000011100100000110110010110110011100100110100100111010100010
011111.

Now, let’s look at how the person receiving ciphertext will decrypt .
Thus the ciphertex is :

011100100100000000011100100000110110010110110011100100110100100111010100010
011111 and « is 110111000.

The keystream is as follows :

110111000110111000110111000110111000110111000110111000110111000110111000110
111000 .

Now , he will decrypt ciphertext according to (3.4). So, he will obtain the plaintext is :

101011100010111000101011100110001110100001110101011100000011100001101100100
100111and « is 110111000.

Now, he will make sense of plaintext. To do this,firstly, he allocate parts such that the lenght
of every part will bes since the lenght of « is9. So, he will obtain



C. OZYILMAZ et al./ ISITES2014 Karabuk - TURKEY

101011100 010111000 101011100 110001110 100001110 101011100
000011100 001101100 100100111.

Then he will delete ‘0’ (s) at the end of every part including « . So, he will obtain

1010111 010111 1010111 11000111 10000111 1010111
0000111 0011011 100100111

and «k is 110111.From table 2, form =3, 110111 is the Standard Fibonacci code of 10. When
10 is multiplied by minus, -10 is obtained. So, the text message was sent by using GHfl)O.
From table 3, the number corresponding to every part is obtained.Thus, he will obtain

5 13 5 18 7 5
14 3 25

Finally, when he convert the sequence of integers to alphabetic characters from table 1, the
text message is obtain

E M E R G E
N C Y
3.2 Tables

1798

C/IDIE|F|G|H|I'|J |[K|L | |M|N|O|P |Q|R|S|T|U |V W X|Y

3|14/5/6|7(8|9|10(11|12|13|14|15|16|17 1819|2021 (22|23 |24 |25]|26

Table 3.2.1
n For m = 2 Standard Fibonacci | For m= 3 Standard
code Fibonacci code
1 11 111
2 011 0111
3 0011 1111
4 1011 00111
5 00011 10111
6 10011 01111
7 01011 000111
8 000011 100111
9 100011 010111
10 010011 110111
11 001011 001111
12 101011 101111
13 0000011 0000111
14 1000011 1000111
15 0100011 0100111

Table 3.2.2
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3 3 3 3 3 3 3 3 3

GHS GHY GH® GH® GH® GH® GH® GH® GHS)
1 00111 00111 00111 00111 00111 00111 00111 00111 00111
2 000111 000111 000111 000111 000111 000111 000111 000111 000111
3 0111 0011011 0011011 0011011 0011011 0011011 0011011 0011011 0011011
4 1000111 0111 1000111 1000111 1000111 1000111 1000111 1000111 1000111
5 1010111 1010111 0111 1010111 1010111 1010111 1010111 1010111 1010111
6 0000111 1001111 1001111 0111 1001111 1001111 1001111 1001111 1001111
7 10000111 0000111 10000111 10000111 0111 10000111 10000111 10000111 10000111
8 10100111 10100111 0000111 10100111 10100111 0111 10100111 10100111 10100111
9 00000111 10010111 10010111 0000111 10010111 10010111 0111 10010111 10010111
10 11000111 00000111 10110111 10110111 0000111 10110111 10110111 0111 10110111
11 00010111 11000111 00000111 0001111 1100111 0000111 010111 011011 0111
12 11010111 00010111 11000111 00000111 0001111 1100111 0000111 010111 01111
13 10001111 11010111 00010111 11000111 00000111 0001111 1100111 0000111 010111
14 10101111 10001111 11010111 00010111 11000111 00000111 0001111 1100111 0000111
15 100000111 10101111 10001111 11010111 00010111 11000111 00000111 0001111 1100111
16 101000111 100000111 10101111 10001111 11010111 00010111 11000111 00000111 0001111
17 000000111 101000111 100000111 10101111 10001111 11010111 00010111 11000111 00000111
18 110000111 100100111 101000111 100000111 10101111 10001111 11010111 00010111 11000111
19 000100111 000000111 100100111 101000111 100000111 10101111 10001111 11010111 00010111
20 110100111 110000111 101100111 100100111 101000111 100000111 10101111 10001111 11010111
21 100010111 000100111 000000111 101100111 100100111 101000111 100000111 10101111 10001111
22 101010111 110100111 110000111 11001111 101100111 100100111 101000111 100000111 10101111
23 100110111 100010111 000100111 000000111 00001111 101100111 100100111 101000111 100000111
24 100001111 101010111 110100111 110000111 11001111 01010111 101100111 100100111 101000111
25 101001111 100110111 100010111 000100111 000000111 00001111 01100111 101100111 100100111
26 100101111 100001111 101010111 110100111 110000111 11001111 01010111 01000111 101100111
27 110001111 101001111 100110111 100010111 000100111 000000111 00001111 01100111 0101111
28 000101111 100101111 100001111 101010111 110100111 110000111 11001111 01010111 01000111
29 110101111 101101111 101001111 100110111 100010111 000100111 000000111 00001111 01100111
30 1000000111 110001111 100101111 100001111 101010111 110100111 110000111 11001111 01010111
31 1010000111 000101111 101101111 101001111 100110111 100010111 000100111 000000111 00001111
32 0000000111 110101111 000001111 100101111 100001111 101010111 110100111 110000111 11001111
33 1100000111 1000000111 110001111 101101111 101001111 100110111 100010111 000100111 000000111
34 0001000111 1010000111 000101111 000110111 100101111 100001111 101010111 110100111 110000111
35 1101000111 1001000111 110101111 000001111 101101111 101001111 100110111 100010111 000100111
36 1000100111 0000000111 1000000111 110001111 001010111 100101111 100001111 101010111 110100111
37 1010100111 1100000111 1010000111 000101111 000110111 101101111 101001111 100110111 100010111
38 1001100111 0001000111 1001000111 110101111 000001111 000010111 100101111 100001111 101010111
39 1000010111 1101000111 1011000111 1000000111 110001111 001010111 101101111 101001111 100110111
40 1010010111 1000100111 0000000111 1010000111 000101111 000110111 010100111 100101111 100001111
41 1001010111 1010100111 1100000111 1001000111 110101111 000001111 000010111 101101111 101001111
42 1100010111 1001100111 0001000111 1011000111 1000000111 110001111 001010111 011000111 100101111
43 0001010111 1000010111 1101000111 010101111 1010000111 000101111 000110111 010100111 101101111
44 1101010111 1010010111 1000100111 0000000111 1001000111 110101111 000001111 000010111 010000111
45 1000110111 1001010111 1010100111 1100000111 1011000111 1000000111 110001111 001010111 011000111
46 1010110111 1011010111 1001100111 0001000111 011001111 1010000111 000101111 000110111 010100111
47 1000001111 1100010111 1000010111 1101000111 010101111 1001000111 110101111 000001111 000010111
48 1010001111 0001010111 1010010111 1000100111 0000000111 1011000111 1000000111 110001111 001010111
49 1001001111 1101010111 1001010111 1010100111 1100000111 010001111 1010000111 000101111 000110111
50 1100001111 1000110111 1011010111 1001100111 0001000111 011001111 1001000111 110101111 000001111

Table 3.2.3



O OZNNIAAAT s ol [ ICcITCCANA 4 L

Lol TiLinI O\

100N

3 3 3 3 3 3 3 3 3 3
GG GHG GHG GHE GHY GHY GHY GHG  GHG  GHY
1 00111 00111 00111 00111 00111 00111 00111 00111 00111 00111
2 000111 000111 000111 000111 000111 000111 000111 000111 000111 000111
3 0011011 0011011 0011011 0011011 0011011 0011011 0011011 0011011 0011011 0011011
4 1000111 1000111 1000111 1000111 1000111 1000111 1000111 1000111 1000111 1000111
5 1010111 1010111 1010111 1010111 1010111 1010111 1010111 1010111 1010111 1010111
6 1001111 1001111 1001111 1001111 1001111 1001111 1001111 1001111 1001111 1001111
7 10000111 10000111 10000111 10000111 10000111 10000111 10000111 10000111 10000111 10000111
8 10100111 10100111 10100111 10100111 10100111 10100111 10100111 10100111 10100111 10100111
9 10010111 10010111 10010111 10010111 10010111 10010111 10010111 10010111 10010111 10010111
10 10110111 10110111 10110111 10110111 10110111 10110111 10110111 10110111 10110111 10110111
11 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
12 0111 N/A N/A N/A N/A N/A N/A N/A N/A N/A
13 011011 0111 N/A N/A N/A N/A N/A N/A N/A N/A
14 010111 011011 0111 N/A N/A N/A N/A N/A N/A N/A
15 0000111 010111 011011 0111 N/A N/A N/A N/A N/A N/A
16 1100111 0000111 010111 011011 0111 N/A N/A N/A N/A N/A
17 0001111 1100111 0000111 010111 011011 0111 N/A N/A N/A N/A
18 00000111 0001111 1100111 0000111 010111 011011 0111 N/A N/A N/A
19 11000111 00000111 0001111 1100111 0000111 010111 011011 0111 N/A N/A
20 00010111 11000111 00000111 0001111 1100111 0000111 010111 011011 0111 N/A
21 11010111 00010111 11000111 00000111 0001111 1100111 0000111 010111 011011 0111
22 10001111 11010111 00010111 11000111 00000111 0001111 1100111 0000111 010111 011011
23 10101111 10001111 11010111 00010111 11000111 00000111 0001111 1100111 0000111 010111
24 100000111 10101111 10001111 11010111 00010111 11000111 00000111 0001111 1100111 0000111
25 101000111 100000111 10101111 10001111 11010111 00010111 11000111 00000111 0001111 1100111
26 100100111 101000111 100000111 10101111 10001111 11010111 00010111 11000111 00000111 0001111
27 101100111 100100111 101000111 100000111 10101111 10001111 11010111 00010111 11000111 00000111
28 0110111 101100111 100100111 101000111 100000111 10101111 10001111 11010111 00010111 11000111
29 0101111 0100111 101100111 100100111 101000111 100000111 10101111 10001111 11010111 00010111
30 01000111 0110111 N/A 101100111 100100111 101000111 100000111 10101111 10001111 11010111
31 01100111 0101111 0100111 N/A 101100111 100100111 101000111 100000111 10101111 10001111
32 01010111 01000111 0110111 N/A N/A 101100111 100100111 101000111 100000111 10101111
33 00001111 01100111 0101111 0100111 N/A N/A 101100111 100100111 101000111 100000111
34 11001111 01010111 01000111 0110111 N/A N/A N/A 101100111 100100111 101000111
35 000000111 00001111 01100111 0101111 0100111 N/A N/A N/A 101100111 100100111
36 110000111 11001111 01010111 01000111 0110111 N/A N/A N/A N/A 101100111
37 000100111 000000111 00001111 01100111 0101111 0100111 N/A N/A N/A N/A
38 110100111 110000111 11001111 01010111 01000111 0110111 N/A N/A N/A N/A
39 100010111 000100111 000000111 00001111 01100111 0101111 0100111 N/A N/A N/A
40 101010111 110100111 110000111 11001111 01010111 01000111 0110111 N/A N/A N/A
41 100110111 100010111 000100111 000000111 00001111 01100111 0101111 0100111 N/A N/A
42 100001111 101010111 110100111 110000111 11001111 01010111 01000111 0110111 N/A N/A
43 101001111 100110111 100010111 000100111 000000111 00001111 01100111 0101111 0100111 N/A
44 100101111 100001111 101010111 110100111 110000111 11001111 01010111 01000111 0110111 N/A
45 101101111 101001111 100110111 100010111 000100111 000000111 00001111 01100111 0101111 0100111
46 01101111 100101111 100001111 101010111 110100111 110000111 11001111 01010111 01000111 0110111
47 010000111 101101111 101001111 100110111 100010111 000100111 000000111 00001111 01100111 0101111
48 011000111 01001111 100101111 100001111 101010111 110100111 110000111 11001111 01010111 01000111
49 010100111 01101111 101101111 101001111 100110111 100010111 000100111 000000111 00001111 01100111
50 000010111 010000111 N/A 100101111 100001111 101010111 110100111 110000111 11001111 01010111

Table 3.2.4
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4.Discussion

When an application of Gopala-Hemachandra (GH) codes to cryptography is done,
for the third order variations on the Fibonacci universal code 64 (),6H ()....aH ) ) can be
used , whereas for the second order variations on the Fibonacci universal code, only
oD .64 2 m.enD () can be used. Therefore, as order m increases in variations on the
Fibonacci universal code, cryptographic advantages increase , too .

Conclusion

We have defined ve® and then we have displayed tablescn® () we have defined

for 20<a<-2and 1<n<50. We have found that there is no Gopala-Hemachandra code for a
particular positive integer n and for a particular value of acz and we conclude that for

n=12,34,5,6,7,8910 Gopala-Hemachandra code exists for a-=-2-3,..,-20 and for 1<n<s0 ,
there is at most kconsecutive not available (N/A) GH code in GHE%}OH() (n) column where
1<k <10 and finally for 1<n<s0, as k increases , the availability of GH code decreases in

&1 Yo, (M column where 1<k <10 .

We have compared with the third order variations on the Fibonacci universal code and
the second order variations on the Fibonacci universal code in terms of cryptography and we
have found that, the third order variations on the Fibonacci universal code is more
advantageous than the second order variations on the Fibonacci universal code.
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